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POISSON ALGEBRAS OF ADMISSIBLE FUNCTIONS ASSOCIATED TO
TWISTED DIRAC STRUCTURES
ALEXANDER CARDONA
Abstract. We define algebras of admissible functions associated to twisted Dirac structures,
and we show that they are Poisson algebras. We study the standard cases associated to Dirac
structures defined by graphs of non-degenerate 2-forms.
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1. Introduction
Poisson algebras of admissible functions associated to non-twisted Dirac structures have been
studied by Courant and Weinstein (see [7][8]). A Dirac structure on a manifoldM is a maximally
isotropic sub-bundle L of the generalized tangent bundle TM = TM ⊕ T ∗M , which is involutive
under the Courant bracket on TM
[X ⊕ ξ, Y ⊕ η]C = [X,Y ] + LXη − LY ξ −
1
2
d(ιXη − ιY ξ), (1)
where X ⊕ ξ, Y ⊕ η ∈ Γ(TM). The isotropy condition here is given with respect to the natural
symmetric pairing
〈X ⊕ ξ, Y ⊕ η〉+ =
1
2
(ξ(Y ) + η(X)) (2)
in TM , and the bracket (1) can be seen as the skew-symmetrization of the Dorfman bracket [9]
[X ⊕ ξ, Y ⊕ η]D = [X,Y ] + LXη − iY dξ, (3)
which coincides with (1) on sections of L. Particular cases of Dirac manifolds are Poisson and
symplectic manifolds (which correspond to graphs, in the generalized tangent bundle TM , of the
corresponding Poisson bi-vector and symplectic form, respectively). In the symplectic case, for
example, if h ∈ Ω2(M) denotes the symplectic form,
Lh = {(X, iXh) ∈ Γ(TM) | X ∈ X(M)} (4)
defines a Dirac structure onM , and many features of the symplectic geometry associated to h are
captured by this Dirac structure. In particular, the Poisson algebra on C∞(M) defined by the
action of Hamiltonian vector fields on smooth functions appears here as the algebra of admissible
functions associated to the Dirac structure (see e.g.[7][8]).
In general, given a Dirac structure L on M , it is possible to associate to it a Poisson algebra of
smooth functions on M , which is usually a subalgebra of C∞(M), and is called the algebra of
admissible functions [7]. A smooth function f on a manifoldM with a Dirac structure L is called
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admissible if there exists a smooth vector field Xf on M such that (Xf , df) ∈ Γ(L). We will
denote by C∞
L
(M) the set of L-admissible functions on M . In the Poisson and symplectic cases
the set of admissible functions is all of C∞(M), but in general it is not the case. If a function
f is admissible, we will call a vector field Xf such that (Xf , df) is a section of L a Hamiltonian
vector field associated to f . In [7] it is shown that, in spite of the fact that Hamiltonian vector
fields are not unique in general, the bracket
{f, g} = Xf(g) (5)
defines a Poisson algebra structure on the space C∞
L
(M) of L-admissible functions on M (see
also [4]).
The Courant bracket (1) can be twisted by an extra term given by a 3-form on M . In [12]
it is pointed out that brackets of the form
[X ⊕ ξ, Y ⊕ η]H = [X ⊕ ξ, Y ⊕ η]C − ιY ιXH, (6)
whereX⊕ξ, Y⊕η ∈ Γ(TM) andH ∈ Ω3cl(M) is a closed 3-form onM , called the twisting, give rise
to the same kind of structure as before. A maximal isotropic sub-bundle L of TM = TM⊕T ∗M ,
which is involutive under the twisted Courant bracket (6) on TM is called a H-twisted Dirac
structure. We will denote such structures by LH —although the twisting actually appears on
the bracket and not on the sub-bundle L— to distinguish the twisted and non-twisted cases.
Twisted Dirac structures appear naturally in Poisson geometry when, for example, a reduction
of a (twisted or non-twisted) Dirac structure is performed [3]. In quantum field theory and su-
perstring theory, the form H has an interpretation as the Neveu-Schwarz 3-form [10].
In this paper we address the question of the definition of Poisson algebras of smooth functions
on M associated to twisted Dirac structures (the non-twisted case has been studied in [7]). We
will define in section 2 the set of H-admissible functions associated to a twisted Dirac structure
LH , and we will show in theorem 2.1 that this set has the structure of a Poisson algebra with
the usual Poisson bracket. Our definition of admissible function in the twisted case was inspired
by the notion of Hamiltonian symmetries given in [14], in the context of differential graded Lie
algebras associated to dg-manifolds, so we will follow such a point of view. Many results proven
in the case of admissible functions are also true in the case of admissible pairs, in the sense of
definition 2.1 (see also [1][2][17]), but here we want to focus on the case of functions on M . In
section 2 we prove our main results and, in order to illustrate their significance in the case of
twisted Dirac structures defined by graphs of non-degenerate 2-forms, as in (4), we give a char-
acterization of our notion of H-admissibility in this situation. We end this paper by illustrating
the non-triviality of the algebra of H-admissible functions associated to a twisted Dirac structure
with a well-known example from the classical theory of dynamical systems, which arises naturally
in this context.
2. The Poisson algebra associated to twisted Dirac structures
In this section we will describe the Poisson algebra associated to a H-twisted Dirac structure
LH on a closed smooth manifold M , namely the algebra C
∞
LH
(M) of H-admissible functions
associated to the Dirac structure. Even though many facts we want to show explicitly for Dirac
structures in Γ(TM ⊕ Λn−1T ∗M), when n = 2, are true for any n ≥ 0 (i.e. for any higher
analogue in the sense of [2][17]), we will focus on this case, where the Poisson algebras of functions
associated to twisted Dirac structures appear. Our definition of admissible function in the twisted
POISSON ALGEBRAS OF ADMISSIBLE FUNCTIONS ASSOCIATED TO TWISTED DIRAC STRUCTURES 3
case was inspired by the notion of Hamiltonian symmetries given in [14], in the context of
differential graded Lie algebras associated to dg-manifolds, so we will begin by a short recall of
such a point of view in order to motivate our approach.
2.1. Derived Brackets and Hamiltonian Symmetries. Let us consider, for n ≥ 0, the trivial
R[n]-bundle P[n] over the odd tangent bundle T [1]M , with the derivation given by
QH = d+H∂t, (7)
where d denotes the de Rham differential and H ∈ Ωn+1(M). The derivation QH defines a
homological vector field (i.e. it satisfies [QH , QH ] = 0) if and only if H is closed, and isomor-
phism classes of such bundles over T [1]M are in one to one correspondence with HndR(M,R)
(see [11]). Smooth functions on the dg-manifold (P[n], QH) correspond, locally, to the algebra
C∞(P[n]) = Ω
•(M)⊗S[t], where t denotes the coordinate on the fiber R, whose degree is defined
to be n, so that QH is actually a derivation of degree 1 (see [5][11][13][14] and [16] for the back-
ground, original references and notations related with the point of view of graded manifolds, and
[15] for the relation between homological vector fields and Lie algebroids).
The twisted Courant bracket (6) is known to be the derived bracket obtained from the com-
plex of derivations Der•(P[2], QH) of the DGLA (differential graded Lie algebra) associated to
the dg-manifold (P[2] = T [1]M⊕R[2], QH) (see [11][13]). Since the derived complex of derivations
associated to the dg-manifold (P[n], QH) is nothing but the extended de Rham complex [14]
Ω0(M)
d
→Ω1(M)
d
→ · · ·Ωn−2(M)
d
→ X(M)⊕ Ωn−1(M), (8)
and the corresponding derived brackets are
[[α∂t, β∂t]] = [[d+H∂t, α∂t], β∂t] = [(dα)∂t, β∂t] = 0 ∀α, β ∈ Ω
n−k(M),
[[iX + α∂t, β∂t]] = [LX + (dα + iXH)∂t, β∂t] = (LXβ + iXH)∂t ∀β ∈ Ω
n−k(M),
and
[[iX + α∂t, iY + β∂t]] = i[X,Y ] + (LXβ − iY dα− iY iXH)∂t ∀α, β ∈ Ω
n−1(M), (9)
it follows that, for any n ≥ 0, we have a twisted Courant bracket on sections of the bundle
TM ⊕ Λn−1T ∗M defined as the anti-symmetrization of (9). A Dirac structure of type n ≥ 1, is
an isotropic sub-bundle L of Γ(TM ⊕ Λn−1T ∗M) ∼= X(M)⊕ Ωn−1(M) such that L⊥ = L, with
respect to the symmetric pairing
〈X ⊕ α, Y ⊕ β〉+ =
1
2
(iXβ + iY α), (10)
for X ⊕ α, Y ⊕ β ∈ X(M) ⊕ Ωn−1(M), and such that [[Γ(L),Γ(L)]] ⊂ Γ(L) with respect to the
bracket defined by (9). These higher analogues of Dirac structures and Courant algebroids have
been studied in [17] and [2], respectively, and they are related with the n-plectic structures defined
in [1]. It has been shown that, in the non-twisted case (i.e. when the (n+1)-form H is zero) there
are Poisson algebras of forms associated to them. When n = 2, these algebras correspond to the
Poisson algebras of admissible functions on M , associated to Dirac structures whenever H = 0,
defined by Courant in [7]. If the twisting H ∈ Ω3(M) is non-trivial, there is a stronger idea of
admissibility from which a Poisson structure can be given to a subspace of C∞(M). This idea of
admissibility is encoded in the sub-DGLA of derivations of (P[n], QH) consisting of infinitesimal
symmetries of the bundle P[n] obtained from “geometric symmetries” of the twisting form H ,
defined in [14]. In particular, the derivations in degree −1 in such a complex are the given by,
GDer
−1(QH) =
{
iX + α∂t ∈ Der
−1(QH) | dα+ iXH = 0
}
(11)
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and, since the condition dα+ iXH = 0, for α ∈ Ω
n−1(M), ensures that LXH = 0, it contains the
symmetries of H encoded by vector fields on M . The derived algebra of this sub-DGLA, called
the Hamiltonian symmetries of the homological vector field QH in [14], turns to be the extended
de Rham complex (8) with derived brackets [14]
[[α∂t, β∂t]] = 0 ∀α, β ∈ Ω
n−k(M),
[[iX + α∂t, β∂t]] = (LXβ)∂t ∀β ∈ Ω
n−k(M),
and
[[iX + α∂t, iY + β∂t]] = i[X,Y ] + (LXβ)∂t ∀α, β ∈ Ω
n−1(M). (12)
We will use this dg-Leibniz algebra to give a meaning to admissible function, giving rise to a
Poisson algebra of smooth functions on M in the twisted case.
2.2. Admissible pairs associated to Dirac structures.
Definition 2.1. Let us consider X ∈ X(M) and α ∈ Ωn−1(M) such that iX+α∂t ∈ Der
−1(QH).
We say that (X,α) is an admissible pair, and then X is called a Hamiltonian vector field asso-
ciated to α, if iX + α∂t ∈ GDer
−1(QH), i.e. if
dα+ iXH = 0, (13)
for the twisting form H.
Example 2.1. The first non-trivial case, our motivating example, is given by a twisting by a
closed 2-form h (i.e. when n = 1). In this case the pairing (10) is identically zero on any pair of
sections of TM⊕1, and (13) says that a function f ∈ C∞(M) is admissible, and has Hamiltonian
vector field X, if
df + iXh = 0. (14)
Thus, if h is also non-degenerate (i.e. a symplectic form), for every smooth function on M there
exists a vector field X such that (X, f) is an admissible pair, namely the Hamiltonian vector
field given by (14), in agreement with the classical setting of symplectic geometry. Notice that,
restricting the derived bracket (12) to pairs of Hamiltonian vector fields and admissible functions,
we find
[[iXf + f∂t, iXg + g∂t]] = i[Xf ,Xg ] + (LXf g)∂t
and thus, if h is non-degenerate,
[[iXf + f∂t, iXg + g∂t]] = i[Xf ,Xg ] + {f, g}∂t,
where
{f, g} = LXf (g) = Xf (g)
is the usual Poisson bracket on functions associated to the symplectic form h.
Example 2.2. Replacing the closed non-degenerate 2-form of the preceding example by a closed
non-degenerate (n + 1)-form on M , we naturally get the corresponding notion of Hamiltonian
forms, Hamiltonian vector fields and the so-called Hemi-bracket in the context of n-plectic or
multi-symplectic geometry studied in [1].
Let us compare our approach to admissible functions to the one used for Dirac structures in
the literature (see [7]). Consider the image under 1⊕d of the space of admissible sections sections
of TM ⊕ 1 in X(M) ⊕ Ω1(M), i.e. the set of pairs (X, df) such that (14) follows for the closed
form h ∈ Ω2(M). If h is non-degenerate, such an image defines a non-twisted Dirac structure
on M , which is actually the graph (4) of the isomorphism induced by h between tangent and
cotangent spaces of M point by point. Thus, the image under the exterior differential of the
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symplectic model at the level n = 1 is the Dirac symplectic model (4) at the level n = 2 without
twisting. In this case it is easy to see that, if we consider α = df , the condition (13) is empty, so
that any exact 1-form is admissible and the bracket (5) defines a Poisson bracket on C∞(M), as
proven in [7]. Moreover, restricting the derived bracket (9) to admissible pairs gives
[[iXf + df∂t, iXg + dg∂t]] = i[Xf ,Xg ] + d{f, g}∂t. (15)
We will see later that the same can be done in the twisted case, asking not only f , but also df ,
to be admissible in the sense of Definition 2.1. These facts are also true for any n ≥ 1 (see also
[2][17]).
Proposition 2.1. The image by the de Rham differential of the set of admissible pairs (X,α) of
a H-twisted Dirac structure in X(M) ⊕ Ωn−1(M), for H non-degenerate, defines a non-twisted
Dirac structure in X(M)⊕ Ωn(M).
Proof. Let (X,α), (Y, β) be an admissible pair in X(M) ⊕ Ωn−1(M), for a H-twisted Dirac
structure LH ≤ Γ(TM ⊕ Λ
n−1T ∗M). The sections (X,α), (Y, β) belong to the Dirac structure
LH , so that the pairing (10) on (X,α), (Y, β) ∈ Γ(TM ⊕ Λ
n−1T ∗M) is zero, and iXβ = −iY α.
Since both pairs are admissible, we have that dα = −iXH and dβ = −iYH . Then, the sections
(X, dα), (Y, dβ) in the image under 1⊕ d of LH satisfy
〈(X, dα), (Y, dβ)〉+ = iXdβ + iY dα = 0.
On the other hand, computing the non-twisted Courant bracket,
[(X, dα), (Y, dβ)]C = ([X,Y ],LXdβ)
= ([X,Y ],−LX iYH)
= ([X,Y ],−i[X,Y ]H + iY LXH)
= ([X,Y ],−i[X,Y ]H)
so that [(X,−iXH), (Y,−iYH)]C = ([X,Y ],−i[X,Y ]H) and, provided H is non-degenerate, the
result is proven 
Notice that, in general, for (X,α), (Y, β) admissible pairs, we have a natural candidate to define
the Poisson bracket between α, β ∈ Ωn−1(M), namely LX(β); it is elementary to show that, on
admissible elements, this “bracket” is skew-symmetric and has other nice properties. Actually,
the twisting by H here corresponds to the n-plectic structures discussed in [1], when H is a
non-degenerate form. We will now concentrate in the case n = 2, for α and β exact forms, i.e.
we go back to define a Poisson algebra associated to a twisted Dirac structures in Γ(TM).
2.3. Admissible functions in the twisted case. Let us now turn to the case of a H-twisted
Dirac structures LH in Γ(TM), where H ∈ Ω
3(M) is closed (see [4] and [12]). Let us denote by
TLH the tensor defined on sections of TM by
TLH (A⊗B ⊗ C) = 〈[A,B]H , C〉+, (16)
where the pairing (2) and the twisted Courant bracket (6) are used. This tensor, sometimes
called the Courant tensor, was defined in the non-twisted case in [7] in order to show that the
bracket defined by (5), in the case of a non-twisted Dirac structure L, defines a Poisson algebra
on the algebra C∞
L
(M) of admissible functions on M . Indeed, it is clear from the definition that
for any Dirac structure L we have TL(A⊗B ⊗C) = 0 whenever A,B,C ∈ Γ(L) and since, given
admissible pairs (Xf , df), (Xg, dg) and (Xh, dh) ∈ Γ(L), it is shown in [7] that
TL((Xf , df)⊗ (Xg, dg)⊗ (Xh, dh)) = {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}},
then Jacobi identity follows.
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Proposition 2.2. Let TLH denote the Courant tensor associated to a twisted Dirac structure LH
given by (6). Then
TLH ((X1, α1)⊗ (X2, α2)⊗ (X3, α3)) = TL((X1, α1)⊗ (X2, α2)⊗ (X3, α3))− iX3iX2 iX1H,
for any (X1, α1), (X2, α2), (X3, α3) ∈ Γ(LH), where TL denotes the tensor (16) associated to the
non-twisted Courant bracket.
Proof. Let us take sections Ai = (Xi, αi), for i = 1, 2, 3, in Γ(LH). By definition
TLH (A1 ⊗A2 ⊗A3) = 〈[(X1, α1), (X2, α2)]H , (X3, α3)〉+,
so that, from (6),
TLH (A1 ⊗A2 ⊗A3) = 〈([X1, X2],LX1α2 − LX2α1 + d(α1(X2))− iX2 iX1H), (X3, α3)〉+,
and then
TLH (A1 ⊗A2 ⊗A3) = iX3(LX1α2 − LX2α1 + d(α1(X2))− iX2iX1H) + i[X1,X2]α3
= iX3(LX1α2 − LX2α1 + d(α1(X2))) + i[X1,X2]α3 − iX3 iX2 iX1H
= TL((X1, α1)⊗ (X2, α2)⊗ (X3, α3))− iX3 iX2 iX1H.

It follows that the Jacobi identity, for brackets (5) of admissible functions, has an obstruction in
the twisted case given by
TLH ((Xf , df)⊗ (Xg, dg)⊗ (Xh, dh)) = {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}}−H(Xf , Xg, Xh).
We will see that this obstruction disappears if we restrict the space of admissible functions, as
defined in [7], to a smaller set in which the admissibility in the sense of definition 2.1 plays a
central role.
Definition 2.2. Let LH be a Dirac structure on a manifoldM , twisted by a 3-form H. A function
f is H-admissible if it is admissible in the sense of Courant and (Xf , df) is an admissible pair
in Γ(LH). We will denote by C
∞
LH
(M) the set of H-admissible functions on M .
Notice that if H = 0, i.e. if there is no twisting, the definition of admissible function coincides
with the one of Courant. On the other hand, if the twisting is non-trivial, the set of H-admissible
functions may be smaller than the space of admissible functions in the usual sense but, as we
will see, it is still a Poisson algebra. First, we show that we recover the usual bracket relation
(15), but this time with H-admissible functions and the twisted bracket:
Proposition 2.3. Restricting the twisted Courant bracket (6) to admissible pairs (Xf , df) and
(Xg, dg) gives
[(Xf , df), (Xg, dg)]H = ([Xf , Xg], d{f, g}).
Proof. Since (Xf , df), (Xg, dg) ∈ Γ(Lh) are H-admissible,
[(Xf , df), (Xg, dg)]H = ([Xf , Xg],LXf (dg)− iXg (d
2f + iXfH))
= ([Xf , Xg], dLXf (g))
= ([Xf , Xg], d{f, g})

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Theorem 2.1. Let f, g be H-admissible functions on M with respect to the twisted Dirac struc-
ture LH , where H ∈ Ω
3(M) is closed. Then the product fg and the bracket {f, g} defined by (5)
are H-admissible functions. Moreover, such a bracket satisfies both Leibniz and Jacobi identities,
and defines a Poisson algebra structure on the space C∞
LH
(M).
Proof. Let f, g, h beH-admissible functions, and let us denote by (Xf , df), (Xg, dg), (Xh, dh) ∈
Γ(LH) the corresponding admissible pairs in GDer
−1(QH). Let Xfg = gXf + fXg, then
g(Xf , df) + f(Xg, dg) = (gXf + fXg, gdf + fdg) = (Xfg, d(fg)) ∈ Γ(LH)
and
iXfgH = g iXfH + f iXgH = 0,
so that fg is also H-admissible. Notice that both antisymmetry and Leibniz identity are in-
dependent of the twisting. Indeed, since iXgdf = −iXfdg for admissible pairs (Xf , df) and
(Xg, dg),
{f, g} = Xf (g) = LXf (g) = iXfdg + d iXf g = −iXgdf = −LXg (f) = −{g, f}
and, second,
{fg, h} = Xfg(h) = gXf(h) + fXg(h) = g{f, h}+ f{g, h}.
Next, since
i[Xf ,Xg ]H = LXf iXgH − iXgLXfH = −iXgdiXfH + iXg iXf dH = 0,
proposition 2.3 implies that {f, g} is H-admissible and
X{f,g} = [Xf , Xg].
Finally, definition 2.1 implies that iXfH = iXgH = iXhH = 0, so that by Proposition 2.2 there
is no obstruction to the Jacobi identity 
Example 2.3. Let G be a Lie group with Lie algebra g, and let 〈, 〉g be a non-degenerate sym-
metric bilinear form on it. Then
LG = {((XR −XL),
1
2
(XR −XL))|X ∈ g} ≤ TG⊕ T
∗G,
where XR and XL denote the right-invariant and left-invariant vector fields associated to X ∈ g,
respectively, defines a twisted Dirac structure on G with twisting 3-form
HG =
1
2
〈[X,Y ], Z〉g,
called the Cartan-Dirac structure on G (see [4]). Since, for an orthonormal basis {X1, X2, . . . , Xn}
for g,
iXliXmiXnHG = C
lm
n ,
the structure constants of the Lie algebra, it is clear that the space of HG-admissible functions is
completely determined by g. In the case of G = SO(3), with the usual bi-invariant metric on it
and the corresponding orthonormal basis for so(3), it is easy to see that iX1iX2 iX3HG = 1, so in
this case the algebra of HSO(3) admissible functions associated to the Cartan-Dirac structure is
trivial.
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2.4. Twisted symplectic graphs and constants of motion. We will finish this paper consid-
ering the example given by a symplectic graph twisted by a closed 3-form H (also called H-closed
2-forms in [12]). Consider the Dirac structure defined in (4), i.e. the graph
Lh = {(X, iXh) | X ∈ X(M)},
in TM , of a non-degenerate 2-form h. It follows from the definition of the twisted bracket (6)
that this Dirac structure is integrable if and only if dh − H = 0, so that h cannot be closed
and, as a consequence, the definition (5) gives a Poisson bracket for which, as follows from the
remarks after Proposition 2.2 (see also [12]),
{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = H(Xf , Xg, Xh). (17)
Consider now functions f, g, h ∈ C∞
LH
(M) which are H-admissible, then (13) implies that
iXfH = iXgH = iXhH = 0,
so that the Jacobi identity holds. In this case, being a graph of a symplectic form, the twisted
Dirac structures associates to any function a Hamiltonian vector fieldXf , but it is this vector field
which makes f an H-admissible function through the condition iXfH = 0. We can characterize
such pairs with the following
Proposition 2.4. A pair (Xf , df) in Lh is H-admissible if and only if LXfh = 0.
Proof. Since (Xf , df) ∈ Γ(Lh), df = −iXfh so that LXfh = diXfh+ iXf dh = iXfH , and the
result follows 
Finally, as a consequence of Proposition 2.3, we find back the usual bracket relation (15) for
the H-twisted bracket:
[(X, df), (Y, dg)]H = ([Xf , Xg], d{f, g}).
To see that the Poisson algebra of H-admissible functions is not trivial in general, let (M,ω)
be a symplectic manifold and consider the 2-form h = ϕ · ω, where ϕ ∈ C∞(M). Then the
twisted Dirac structure (4) is integrable with respect to the twisted Courant bracket (6) if and
only if H = dh = dϕ ∧ ω. Notice that, on the one hand, if ϕ is chosen in such a way that h is
non-degenerate, any smooth function on M is admissible in the sense of Courant, i.e. for any
f ∈ C∞(M) there exists a vector field Xf ∈ X(M) such that df = −iXfh, (Xf ,−df) ∈ Γ(LH),
where our notation means involutivity with respect to the twisted Courant bracket (6). On the
other hand, by Proposition 2.4, a smooth function f on M is H-admissible if and only if
LXfh = (LXfϕ)ω + ϕ(LXfω) = {f, ϕ}ω = 0.
This means that, in the cases in which ϕ is the Hamiltonian function for a dynamical system
with phase space (M,ω), an observable f ∈ C∞(M) is H-admissible if and only if it is a constant
of motion.
Example 2.4. Angular Momentum. ConsiderM = T ∗oR
3 with canonical Darboux coordinates
(q1, q2, q3, p1, p2, p3) and symplectic form ω =
∑3
i=1 dpi∧dqi. Let us take ϕ(q1, q2, q3, p1, p2, p3) =∑3
i=1
p2i
2 +V (r), where r = (q
2
1+q
2
2+q
2
3)
1
2 and V (r) denotes a radial potential. Then the functions
L1 = q2p3 − q3p2
L2 = q3p1 − q1p3
L3 = q1p2 − q2p1
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are H-admissible for H = dϕ ∧ ω, and
{L1, L2} = L3.
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